Introduction {#Sec1}
============

High brightness X-ray sources are of great use throughout science, from diagnosing biological samples^[@CR1]^ to probing extreme states of matter^[@CR2],[@CR3]^. Conventional methods for the production of X-rays require first accelerating electrons to high energies, which involves large and costly facilities such as synchrotrons. Laser-driven accelerators^[@CR4]^ are potentially a much more compact and less costly approach to generate the required electrons and, for some electron energies, the X-ray emission as well^[@CR2]^.

The achievable electron energy in laser-wakefield accelerators (LWFAs) has undergone a rapid growth since the original "dream beam" experiments^[@CR5]--[@CR7]^, in which mono-energetic 100 MeV electron beams were first obtained. Current wakefield accelerators now reach up to GeV energies with only a few centimeters of plasma as the acceleration medium^[@CR8]--[@CR11]^.

Plasma wakefield accelerators not only provide high energy beams but represent a source of short-wavelength radiation as well. The transverse electric field that is naturally formed by the positive charge in the wakefield bubble causes the electrons to oscillate as they are being accelerated, which leads to the emission of betatron radiation^[@CR12],[@CR13]^. Due to the high electron energies attained in the accelerator, this emission is in the X-ray range, with typical peak photon energies up to 1--20 keV^[@CR14]--[@CR16]^. This has been shown to be a viable broadband high-brightness X-ray source^[@CR14],[@CR16],[@CR17]^.

The specific properties of the emission depend on the plasma density, electron energy and amplitude of electron oscillations. For stable laser propagation and maximum energy transfer to the electrons, it is desirable to operate under the so-called "matching" conditions^[@CR18]^. This fixes the plasma density as a function of the laser parameters, thus restricting the available parameter space. Several approaches have been explored to control the amplitude of the transverse oscillations. One possibility lies in modifying the initial amplitude of oscillation by controlling the phase-space of the injected electrons, for example through colliding pulse injection^[@CR19]^ or magnetically controlled injection^[@CR20]^.

Alternative schemes have been proposed which modify not just the initial conditions but also the oscillation amplitude throughout the propagation of the wakefield. These include, for example, injection of the laser driver off-axis^[@CR21]^ and at an angle with the plasma channel^[@CR22]^. These designs require good control of the laser incidence on the plasma channel. Laser drivers with duration close to the bubble size can be used to induce direct laser acceleration^[@CR23]^ and, for longer pulses (with ps duration), self-modulated laser-wakefield acceleration has been explored as an X-ray source^[@CR24],[@CR25]^ for high-density matter probing. In all of these configurations, the laser driver has a Gaussian profile, which is also the typical profile used in the vast majority of experiments in this area. Though there has been much progress, some applications of X-ray sources are still out of reach due to insufficient number of photons and would benefit greatly from increased tunability^[@CR2]^.

The field of structured light (for a theoretical overview see e.g.^[@CR26],[@CR27]^) has received great interest after it was shown that Laguerre-Gaussian modes carry orbital angular momentum^[@CR28]^. Several mechanisms for the production of high intensity pulses with orbital angular momentum (OAM) have been proposed^[@CR29]^ and their interaction with plasmas is also being explored^[@CR30]--[@CR34]^. Recent experiments where high-intensity light pulses with orbital angular momentum (OAM) were produced^[@CR35]^, open the way for new avenues to control laser-wakefield accelerators. Laguerre-Gaussian laser pulses have been shown to drive wakefields whose field structure is capable of accelerating positrons^[@CR33]^. Combinations of such beams can be used to change the topology of the wakefield itself, e.g. helical wakefields driven by "light springs"^[@CR34]^. Superposed Laguerre-Gaussian lasers have also been used, in the low-amplitude (linear) regime, to produce carefully-tailored intensity patterns^[@CR36]^. This setup holds particular promise for developing laser-wakefield based free-electron lasers^[@CR37]^.

In this work, we explore the use of such composite vortex beams to instead enhance and control incoherent X-ray emission. We propose a novel helical wiggler radiation source based on a pair of nonlinear rotating wakefields. These are driven by a laser composed of two ultra-short ultra-intense Laguerre-Gaussian beams with non-zero net Orbital Angular Momentum (OAM) index. In this proposed design, the combination of beams is employed to induce a rotation of the wakefields. This rotation forces the helical motion of the trapped electrons, enhancing their oscillation amplitude. This oscillation saturates with its amplitude approximately equal to the radius of the helix described by the laser lobes, which is given by the distance to the propagation axis and is larger than the bubble radius. Tuning of the oscillation amplitude (and hence of the wiggler strength parameter) is achieved by controlling this distance, which can be done by varying the laser spot size and the OAM indexes. So long as blowout occurs, the wiggler strength in our scheme does not depend sensitively on the laser intensity unlike direct laser acceleration or the scheme proposed by Wang *et al*.^[@CR37]^. In addition, this pulse configuration is compatible with many methods of electron injection into the wakefields, providing tuning capability regardless of the injection mechanism.

We show, through three-dimensional particle-in-cell (PIC) simulations, that this scheme has the potential to significantly enhance X-ray generation by providing a means to increase the amplitude of oscillations of the trapped electrons compared to non-rotating wakefields driven by lasers with the same energy and duration, and similar waist. This increase is a result of the fact that in Gaussian laser-driven LWFAs the amplitude of the betatron oscillations is a fraction of the radius of the bubble, and limited by its value, whereas in the rotating wakefield scenario it is dependent on the laser spot sizes and orbital angular momentum indexes, allowing for greater flexibility.

Results {#Sec2}
=======

In this work, we investigate radiation emission from laser-wakefield accelerators (LWFAs) driven by multiple Laguerre-Gaussian (LG) pulses. These pulses are characterised by an electric field of the form$$\documentclass[12pt]{minimal}
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While individual Laguerre-Gaussian beams have annular intensity profiles, more complex patterns can emerge from the combination of multiple beams. In particular, combinations of LG pulses with zero radial index lead to composite vortex beams^[@CR27]^. Examples of these composite vortex beams are "light springs", a combination of pulses with a helical intensity pattern^[@CR38]^. It has been shown that these light springs can drive twisted helical wakefields, which rotate as the driver beam propagates^[@CR34]^. If the duration of such pulses is much shorter than the helix temporal pitch, they will no longer look like a spring, instead being comprised of multiple rotating laser beam lobes (Fig. [1](#Fig1){ref-type="fig"}), each driving its own wakefield (Fig. [2](#Fig2){ref-type="fig"}). This, together with the fact that the mismatch between the two Laguerre-Gaussian beams is not equal to the electron plasma frequency makes the orbital angular momentum transfer to the plasma wave not efficient^[@CR34]^, leading to a non-helical wakefield, which, in constrast with those generated in ref.^[@CR34]^, contains no OAM. The number of lobes, their size and their azimuthal position are then determined by the OAM indexes $\documentclass[12pt]{minimal}
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                \begin{document}$$700\,{\omega }_{p}^{-1}$$\end{document}$ for simulation B (panels (e and f)). Two distinct wakefields are observed in each case, which rotate over time in simulation A but not in B.

The proposed setup consists of a composite vortex beam, comprised of two LG laser pulses, that is sent through an underdense plasma. The two pulses have frequencies $\documentclass[12pt]{minimal}
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                \begin{document}$${k}_{\mathrm{0(1)}}\ne {k}_{\mathrm{0(2)}}$$\end{document}$ or the pulse profile is not cylindrically symmetric, the lobes of a composite vortex beam will rotate as the beam propagates in vacuum and crosses its focal plane^[@CR39],[@CR40]^. Recently, Vieira *et al*. have shown that, in the linear regime, the same rotation will occur for light springs propagating in an underdense plasma^[@CR34],[@CR41]^.

To further explore this setup and compare with a typical Gaussian-pulse LWFA, detailed three-dimensional particle-in-cell (PIC) simulations were performed within the OSIRIS framework^[@CR42],[@CR43]^. The laser parameters were chosen to keep the laser energy constant in all the simulations. In the first two simulations, the laser driver is composed of two LG pulses with the same normalised peak vector potential and pulse length, and approximately the same frequency. The spot size is of the same order but was adjusted so that in all the cases the laser energy is the same. The LG radial index is $\documentclass[12pt]{minimal}
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In each case, the laser driver propagates in a plasma channel with a transverse parabolic density profile matched to its spot size, given by $\documentclass[12pt]{minimal}
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Dynamics of wakefields {#Sec3}
----------------------

In Fig. [2](#Fig2){ref-type="fig"} (panels (a--d)), the longitudinal component of the electric field is depicted for simulation A ($\documentclass[12pt]{minimal}
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Operation in the matched regime typically favours lower densities, which means this condition is easily fulfilled, as in this simulation.

From our analysis of the evolution of the laser fields in the simulation, the rotation frequency was determined to be approximately $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{\rm{\Omega }}}_{h}\sim 9\times {10}^{-3}\,{\omega }_{p}$$\end{document}$, which is similar to the theoretically predicted value of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{\rm{\Omega }}}_{h}\simeq 7\times {10}^{-3}\,{\omega }_{p}$$\end{document}$. The discrepancy may be due to laser depletion during the propagation, which is not accounted for in the theoretical estimate. For a zero net orbital angular momentum, as in simulation B ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\ell }_{1}=1$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\ell }_{2}=-\,1$$\end{document}$), no wakefield rotation is observed (Fig. [2](#Fig2){ref-type="fig"}, panels(e) and (f)), as expected from theory.

Before delving into the analysis of the electron dynamics in the different simulations, we would like to point out some distinct features of the bubbles and the structure of the fields inside them. In the composite vortex beams case (simulation A), the laser intensity lobes are bean-shaped in the transverse plane (see leftmost panel in Fig. [1](#Fig1){ref-type="fig"}) unlike in Gaussian driven wakefields. The same transverse shape is observed in the ion cavity behind it (panels (a) and (b) in Fig. [2](#Fig2){ref-type="fig"}). Importantly, in the rotating case, there is an additional magnetic field component, *B*~1~^[@CR31],[@CR34]^, shown in Fig. [3](#Fig3){ref-type="fig"}. In this work, however, the longitudinal magnetic field is not uniform (as in^[@CR34]^), which should be due to a poloidal dependence of the currents in this case.Figure 3Electric and magnetic fields inside the two rotating bubbles at $\documentclass[12pt]{minimal}
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In all the simulations, electrons are injected mostly through ionisation injection and some become trapped. Samples of these electrons were taken from each simulation at $\documentclass[12pt]{minimal}
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                \begin{document}$$t\simeq 60\,{\omega }_{p}^{-1}$$\end{document}$, where it is observed that significant trapping starts to occur. At this time, in the rotating wakefield scenario (A), trapped electrons were observed from all the Nitrogen ionisation levels and a negligible number from Helium atoms. In the non-rotating case (B), however, only electrons from the 6^*th*^ and 7^*th*^ levels were trapped in non-negligible number. The sample electron trajectories are depicted in Fig. [4](#Fig4){ref-type="fig"}. In the Gaussian driver case (C), only electrons from 6^*th*^ and 7^*th*^ levels were trapped at this time. This means the sample is taken from the electrons that will first reach the highest energies since ionisation injection occurs over an extended period of time. It should be noted in all three cases, electrons from all the Nitrogen ionization levels and from the Helium atoms are eventually injected and trapped, though the number of electrons from the Helium is at least one order of magnitude lower.Figure 4Sample of trajectories from the rotating wakefield (left panel, 1446 particles) and non-rotating (right panel, 992 particles) wakefields scenarios, coloured according to the energy.

The most striking difference in the trajectories between scenarios A and B is the helical motion observed in the rotating wakefields (left panel in Fig. [4](#Fig4){ref-type="fig"}). As expected, the wakefield bubble rotation drags the trapped electrons with it, leading to a low-frequency helix-type trajectory. The radius of this helix can be estimated from the distance from the centroids of the laser lobes to the axis of propagation^[@CR34]^:$$\documentclass[12pt]{minimal}
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                \begin{document}$${R}_{h}\simeq {W}_{0}\sqrt{|{\ell }_{0}|/2}.$$\end{document}$$Superimposed on this helix, betatron oscillations are clearly visible in the early stages of the trajectory but become smoothed out later on, and the azimuthal motion dominates the dynamics of the electrons. Since the electron energy is also increasing with time, the latter part of the trajectory will contribute the most to the radiation emission, as usual in laser-wakefield accelerators. This suggests that the radiation emission properties will mostly be determined by the helical motion.

Indeed, the rotation imposed by the laser has important consequences on the transverse dynamics. As observed in Fig. [5](#Fig5){ref-type="fig"}, while the amplitude of the radial momentum is of similar amplitude in all three scenarios, the azimuthal momentum in the rotating wakefield is up to four times higher than in the other two scenarios. Since the acceleration in the direction perpendicular to the momentum contributes the most to the radiated power^[@CR46]^, an enhancement of the radiated energy, over the non-rotating cases, should be expected.Figure 5Temporal evolution of the momentum radial and azimuthal components of the trapped electron sample from: LWFA driven by composite vortex beams with $\documentclass[12pt]{minimal}
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Radiation emission {#Sec4}
------------------

To investigate the impact of the rotation on the radiation emission properties, the trajectory samples were post-processed with the code jRad^[@CR47]^.

For all three scenarios explored in the simulations, the radiated energy emitted by each trapped electron sample (and calculated incoherently) was determined (see Fig. [6](#Fig6){ref-type="fig"}). As expected, the emission from the electrons undergoing helical motion observed in the rotating wakefield scenario traces an approximately annular profile in the detector. The non-uniformity of the radiated energy along this ring (panel (a) in Fig. [6](#Fig6){ref-type="fig"}) reflects the fact that as the electrons rotate they are also gaining energy in the longitudinal field of the wakefields. The later stages of the electron orbits will therefore lead to stronger radiation emission. The spatial profile of the radiated energy in the other two scenarios is similar to typical LWFA energy patterns, with most of the energy at the centre, in the area around the laser propagation axis.Figure 6(Panels (a--c)) Energy radiated by the trapped electron sample on a detector placed a distance $\documentclass[12pt]{minimal}
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                \begin{document}$$d={10}^{4}\,c/{\omega }_{p}$$\end{document}$ away from the origin, perpendicularly to the propagation axis. Panel (a) refers to the rotating wakefields, (**b**) to the non-rotating wakefields and (**c**) to the Gaussian laser driver scenario respectively. (Right panel) Spectrum of the radiation emitted by the trapped electron sample integrated over the detector area for the rotating wakefields (black), non-rotating wakefields (blue) and Gaussian (red) laser driver scenarios respectively. Each curve is divided by the number of electrons in the respective sample. The inset shows a zoom in the lower frequency part of the spectrum.

The radiated energy captured in the detector (in Fig. [6](#Fig6){ref-type="fig"}) was integrated over the area covered by the detector to obtain the total radiated energy. The electron samples analysed are a small fraction of the total electron bunches. For this reason, the most interesting value in this study is the energy radiated per electron, which was determined to be $\documentclass[12pt]{minimal}
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                \begin{document}$$\simeq \,0.5\,{\rm{keV}}$$\end{document}$ for the rotating wakefields, non-rotating wakefields and Gaussian laser driver scenarios respectively. This represents a factor of approximately thirteen times more radiated energy in the rotating wakefield case compared to the non-rotating wakefield over the same propagation distance for the sampled electrons. However, the annular shape of the radiated energy pattern leads to an overall divergence on the order of \~180 mrad which can limit its experimental application as an X-ray source, as methods to collimate it would likely significantly impact the amount of usable emitted energy.

The radiated energy spectrum, integrated over the detector area, is shown in the right panel of Fig. [6](#Fig6){ref-type="fig"}. It is observed that in the rotating wakefield scenario, the spectrum has a peak at a frequency approximately four times higher than in the non-rotating case.

The dynamics of electrons undergoing betatron (or helical) oscillations is analogous to those experienced in wigglers, i.e. magnetic field devices composed of arrays of magnets of alternating polarity. Both in magnetic wigglers and plasma wigglers, information about the main properties of the radiation can be obtained from quantities such as the wiggler strength parameter *K* (the ratio between the maximum angle of deflection of the trajectory to the angular aperture of radiation), the fundamental frequency $\documentclass[12pt]{minimal}
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In laser-wakefield accelerators, wiggler emission also occurs, but the presence of an accelerating electric field in the direction of the laser propagation makes these parameters time-dependent^[@CR17],[@CR48]^. Nevertheless, they provide useful information on the local properties of the radiation, and experimental results have shown that the spectrum is still approximately synchrotron-like^[@CR49]^.

In the scenarios studied in this work, if one assumes we can interpret the spectrum in terms of the wiggler analogy, the local critical frequency is (apart from the electron density) just a function of the particle energy and amplitude of oscillation ($\documentclass[12pt]{minimal}
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                \begin{document}$$\gamma \simeq 420$$\end{document}$ for the Gaussian driver scenario. However, the amplitude of oscillation differs substantially. While in the non-rotating and the Gaussian driver case it is given by the local betatron oscillation amplitude *r*~*β*~, in the rotating scenario it is approximately equal to the distance from the centre of each bubble to the propagation axis *R*~*h*~. Visual inspection of the projection of the trajectories in the plane transverse to the laser propagation yields $\documentclass[12pt]{minimal}
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Considering that the radiated spectrum critical frequency has a *γ*^2^ dependence, one expects the Gaussian-driver LWFA spectrum to extend up to a factor \~$\documentclass[12pt]{minimal}
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                \begin{document}$${(700/420)}^{2}\simeq 2.8$$\end{document}$ less than for the composite vortex beam case. From the observation of the radiated spectrum in the right panel of Fig. [6](#Fig6){ref-type="fig"}, the ratio between the extension of the spectra for the Gaussian driver is approximately a factor of three lower than in the non-rotating composite vortex wakefields. This suggests that the non-rotating LG case does not significantly enhance the radiation energy compared to the Gaussian case (once we account for the distinct electron energies).

While the results here presented were obtained for a fraction of the earliest trapped electrons only, the analysis presented shows that the changes in the radiated energy in the different scenarios cannot be explained solely by the differences in the average electron energy (which is only significantly different in the Gaussian scenario) but are a result of the distinct transverse dynamics in the rotating wakefield scenario. In particular, both the amplitude of oscillation and the azimuthal component of the perpendicular momentum are much higher in the rotating wakefields scenario compared to the other two.

Tuning the radiation properties {#Sec5}
-------------------------------

The second advantage of our proposed setup is that it allows greater control of the radiated energy spectrum compared to typical LWFA betatron sources. A qualitative comparison between the main features of betatron radiation from the rotating wakefields studied in this work and betatron radiation from typical laser-wakefields can be performed by inspecting the ratio between the expressions for the main parameters of the radiation in the two cases. To facilitate comparisons, in the following we present these ratios in normalised units, with frequencies normalised to $\documentclass[12pt]{minimal}
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In typical LWFA betatron radiation the wavelength of the oscillation is $\documentclass[12pt]{minimal}
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In the rotating wakefield scenario, as the dynamics is dominated by the helical motion, the wiggler amplitude of oscillation is given by the radius of the helix *R*~*h*~ and the wavelength of the oscillation is $\documentclass[12pt]{minimal}
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The ratio between the parameters of the two scenarios, ([6](#Equ6){ref-type=""}) and ([7](#Equ7){ref-type=""}), is then:$$\documentclass[12pt]{minimal}
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It is interesting to note that, for the simulation parameters employed here, the fundamental frequency and the wiggler parameter for the rotating and non-rotating cases are quite different. If we approximate the initial betatron radial position in the non-rotating case to be a fraction of the laser spot size $\documentclass[12pt]{minimal}
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                \begin{document}$${K}^{non-rot.}\simeq 22\alpha \ll {K}^{rot}$$\end{document}$, respectively. This means the rotating wakefield scenario radiation emission occurs in a distinct regime, where the fundamental frequency is typically much lower than in a typical wakefield with similar laser parameters, but the wiggler strength parameter can be much higher. If the ratio of the critical frequencies is expressed in terms of the wiggler parameters (using Eqs ([8b](#Equ15){ref-type=""}) and ([8c](#Equ16){ref-type=""})):$$\documentclass[12pt]{minimal}
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Finally, the ratio between the average instantaneous radiated power $\documentclass[12pt]{minimal}
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From this wiggler analogy, one can estimate for which parameters of the laser the betatron emission in rotating wakefields is more advantageous than in the non-rotating case, and how to tune the parameters to achieve the desired radiation properties. A more rigorous analysis of the dynamics of the electrons is required for a detailed knowledge of the radiation properties. It should be noted, however, that in these expressions it is assumed that the electron energy scales with propagation distance (or time) in the same manner in both the rotating and non-rotating scenario. Dephasing was observed to occur sooner in the rotating case compared to the non-rotating one in the simulations of the previous section. While this means that electrons injected in these cases could reach higher energies if the propagation of the laser drivers were extended, it does not follow that radiation emission would surpass that of the rotating laser scenario since the oscillation amplitude scales with *γ*^−1/4^.

An additional approximation in this analysis is that the parameters associated with the laser-driver rotation, hence the wakefield rotation, are considered constant. As depletion of the laser sets in, the wakefield group velocity and angular velocity will change.

In laser-wakefields, the plasma is underdense and the initial radial position of trapped electrons is less than the bubble radius, which is approximately equal to the laser spot size under matched conditions. Furthermore, the laser spot size is typically larger than $\documentclass[12pt]{minimal}
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                \begin{document}$$\gamma \gg {\tilde{\omega }}_{0}$$\end{document}$ (which is valid apart from the earlier stages of the trajectories), the wiggler strength parameter should be higher in the rotating case according to equation ([8c](#Equ16){ref-type=""}). Under the same considerations, the fundamental frequency of the radiation emitted by the trapped electrons will be much lower in rotating case. This indicates that the distinct regimes between rotating and non-rotating scenarios for wakefields driven by laser drivers with similar parameters, which were seen in the previous section, should be observed in general.

Conclusion {#Sec6}
==========

In this work, the possibility of exploiting composite vortex beams to drive rotating wakefields and enhance the radiation emission from the accelerated electrons was explored. The composite vortex laser driver can lead to rotating wakefields in the plasma. The electrons trapped in these bubbles are thus forced to follow this imposed helical motion. This motion can lead to enhanced radiation emission compared to betatron radiation from typical laser-wakefield accelerators.

Our simulation results show, for the earliest trapped electrons, a significant increase in the energy emitted per electron in the case of rotating wakefields compared to non-rotating wakefields driven by either non-rotating composite or Gaussian laser beam drivers. These simulations were performed with the same pulse energy for comparison purposes. We have also demonstrated that, even though the fundamental frequency of radiation in the rotating case is generally much lower than the betatron frequency, the wiggler strength parameter will be higher. For the parameters chosen here, the critical frequency was also higher than in the comparable non-rotating scenarios. While the results provided in this manuscript concern only a small fraction of the trapped electrons, they illustrate the distinct transverse dynamics observed in the rotating wakefield case. Though the amount of charge injected and the electron energy spectrum will vary with the choice of parameters, the rotating wakefields setup shown here provides an additional degree of freedom to tune the amplitude of oscillations compared to typical Gaussian-laser driven LWFAs, since it is not limited by the bubble radius, but instead is a function of the laser spot size and the OAM indexes. In some scenarios, for the same laser energy and comparable laser parameters, choosing a rotating wakefield setup driven by a composite vortex beam may provide a much more efficient and higher-frequency radiation source, albeit with higher divergence.

In typical laser-wakefield scenarios the properties of the betatron radiation are determined by the plasma properties, after matching conditions are imposed. However, the characteristics of radiation emitted by the electrons accelerated in rotating wakefields can be tuned through adjusting the spot size and orbital angular momentum indexes. As these are not fixed by the matching conditions, this provides a novel capability -- tuning of these radiation sources.

Methods {#Sec7}
=======

Particle-in-cell simulations {#Sec8}
----------------------------

The three-dimensional particle-in-cell (PIC) simulations in this work were performed within the OSIRIS framework^[@CR42],[@CR43]^. In the first two simulations (A and B), the laser driver is composed of two LG pulses, each with normalised peak vector potential $\documentclass[12pt]{minimal}
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                \begin{document}$${\rm{\Delta }}t=3.8\times {10}^{-3}\,{\omega }_{p}^{-1}$$\end{document}$. Ionisation is modelled with the ADK rates^[@CR51]^, two macro-particles per ion are used for the electrons from the Helium atoms and ten macro-particles per ion for the Nitrogen electrons. The sample electrons for radiation post-processing were chosen randomly (from the electrons above a given energy threshold between *γ* = 30 and 60, such that they are expected to be trapped) early in the simulation, at $\documentclass[12pt]{minimal}
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In each case, the laser driver propagates in a plasma channel with a transverse parabolic density profile with a channel radius of $\documentclass[12pt]{minimal}
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                \begin{document}$${n}_{N}={10}^{-5}{n}_{0}$$\end{document}$) to achieve ionisation injection^[@CR44],[@CR45]^. This avoids the need for external injection, which would require fine control of the initial beam parameters.

Radiation calculation {#Sec9}
---------------------

The radiation emission analysis in this work was performed using the jRad post-processing radiation code^[@CR47]^. The radiated energy and spectrum are determined (incoherently) using the standard formulas from classical electrodynamics^[@CR46]^:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\dot{{\boldsymbol{\beta }}}$$\end{document}$ its time derivative, *R* is the distance from the particle position to the center of the detector cell, **n** is the unit vector pointing from the particle position to the center of the detector cell. The evolution of the electron sample in phasespace is obtained by recording the trajectories of these electrons during the PIC simulation. Samples of 992 1446 and 2000 macroparticles were recorded in simulations A, B and C respectively. A time-resolution of 4Δ*t* and detector grid with $\documentclass[12pt]{minimal}
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Momentum in cylindrical coordinates {#Sec10}
-----------------------------------

Figure [5](#Fig5){ref-type="fig"} was obtained by first taking the electron trajectories sample in each simulation in cartesian coordinates and determining the radial and azimuthal momentum divided by the momentum in the laser propagation direction. The radial coordinate was calculated relative to the laser propagation axis. The macroparticle charge was then deposited in a grid where the time axis has the same resolution as the trajectories (4Δ*t*) and the momentum bin size is $\documentclass[12pt]{minimal}
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